Abstract: This paper investigates the exponential synchronization problem of stochastic complex dynamical networks with impulsive perturbations and Markovian switching. The complex dynamical networks consists of modes and the networks switch from one mode to another according to a Markovian chain with known transition probability. Basing on the Lyapunov functional method and stochastic analysis, by employing -matrix approach, some sufficiency conditions are presented to ensure the exponential synchronization of stochastic complex dynamical networks with impulsive perturbations and Markovian switching, and the upper bound of impulsive gain is evaluated . At the end of this paper, a numerical examples are included to show the effectiveness of our results.
Introduction
During the past decades, complex dynamical networks have been widely investigated due to their extensive applications in both science and engineering [1] - [2] such as Internet, World Wide Web, food webs, social networks, etc. One of the most important research topics in complex dynamical networks is synchronization which is studied as a common phenomenon of a population of dynamically interacting units. Moreover, various synchronization conditions have been presented see [3] - [12] , and the references therein. In reality, complex dynamical networks may exhibit a special characteristic, its structure and connect topology change abruptly (caused by some phenomena such as link failures, component failures or repairs, changing subsystem interconnections and abrupt environmental disturbance, etc), which is called network mode switching. These kinds of networks are widely studied by many scholars. [13] investigated the leader-following problem of network, in which the network topology is assumed to be arbitrarily switched among a finite set of topologies. In [14] - [16] , it has been revealed that a class of neural networks has finite modes that switch from one to another according to a Markovian chain with known transition probability. In [17] - [18] , the adaptive synchronization issue of stochastic delayed neural networks with Markovian switching is considered. In [19] , the exponential stability problem of stochastic neural networks with both Markovian jump parameters and mixed time delays is investigated and some sufficient conditions are derived by linear matrix inequality This work is supported by the National Natural Science Foundation of China (61075060), the Key Foundation Project of Shanghai (12JC1400400) and the Innovation Program of Shanghai Municipal Education Commission (12zz064).
approach.
In the real world, there exist a number of networks in which the state of nodes is usually subject to instantaneous perturbations and experiences abrupt change at certain instants which may be caused by switching phenomena, frequency change or other sudden noise. Such networks are described by impulsive differential networks [20] . Stability and synchronization problems of impulsive differential networks have sparked the interest of many researcher. In [21] , the authors concerned with the issues of synchronization dynamical of complex delayed dynamical networks with impulsive effects, and several criteria to ensure the exponential synchronization of the complex delayed dynamical networks are established. Up to now, just few works have considered impulse, jumping and noise in complex dynamical networks. The results about stochastic complex dynamical networks with impulsive perturbations and Markovian jumping are scarce. Therefore, as an interesting and challenging topic, this motivates the present investigation of stochastic complex dynamical networks with impulsive perturbations and Markovian switching.
In this paper, we concern with the analysis issue for exponential synchronization of stochastic complex dynamical networks with impulsive perturbations and Markovian switching by employing -matrix approach. Basing on the Lyapunov functional method and stochastic analysis, some sufficient conditions are presented to ensure the exponential synchronization of stochastic complex dynamical network with impulsive perturbations and Markovian switching, and the upper bound of impulsive gain is evaluated. A numerical example are included to show the effectiveness of our results.
Model and Preliminaries
Let { ( ), ≥ 0} be a right continuous Markovian chain in a complete probability space (Ω, ℱ, ) taking values in a finite state set = {1, 2, ⋅ ⋅ ⋅ , } with generator Π = ( ) × given by
where > 0 and ≥ 0 is the transition rate from to if
In this paper, we consider a class of stochastic complex dynamical networks with Markovian jump mode, which is described as following:
where
is continuous vector value functions, the noise perturbatioñ
) is an inner coupling matrix between two connected nodes; ( ( )) is the coupling strength, ( ( )) = ( ( ( ))) ∈ × is coupling matrix represents the topological structure of the whole network, where the entries ( ( )) are defined as follow: if nodes and ( ∕ = ) are connected, then ( ( )) = ( ( )) > 0, otherwise ( ( )) = 0, and the diagonal entries of coupling matrix ( ( )) is defined by
Note that, the coupling matrix ( ( )) is assumed to be symmetric irreducible. Its eigenvalues can be ordered as
One important consideration in practical networks is the existence of impulsive perturbations, and the impulse of each nodes which doesn't emerging at the same time. Hence, the impulsive perturbations networks is described by
′ is the th node impulsive gain at = ′ , ( ) is the Dirac delta function and ( ) be a solution of an isolated node described by
For each , the discrete set
( ), and (
For all and
′ , rearrange { ′ }, with sequence from small to large, and pick out the same elements, getting a new sequence { }, such that 0 < 1 < ⋅ ⋅ ⋅ < < ⋅ ⋅ ⋅ . Equivalently, the network (2) can be rewrite as
where = ′ , when = ′ , otherwise, = 0. For each , there exists at least ′ such that ′ = .
Remark 1. In [20] , authors divided impulses into three forms: synchronizing impulses, desynchronizing impulses and inactive impulses. When impulsive gain ∈ (−2, 0), these impulses belong to synchronizing impulses, which means that the impulses are beneficial for synchronization of impulsive dynamical network; When ∈ (−∞, −2) ∪ (0, +∞), these impulses attribute to desynchronizing impulses i.e. the impulsive effects can suppress the synchronization of the impulsive dynamical network; When = −2 or = 0, these impulses pertain to inactive impulses, which is neither harmful nor beneficial for the synchronization of impulsive dynamical network.
Remark 2.
In this paper, we consider both Markovian switching and impulse interference coupled complex network model, which are rarely investigated. Also, these impulses may be not happen at the same time, i.e. only some nodes possess impulse at time . In addition, impulse may be synchronizing impulses, desynchronizing impulses, or inactive impulses. Therefore, this model is more general.
The primary object here is to deal with the exponential synchronization problem of the stochastic complex dynamical network (4), and derive sufficient conditions such that the network (4) will synchronize into the desired trajectory ( ). Define ( ) = ( ) − ( )( = 1, 2, ⋅ ⋅ ⋅ , ) as the synchronization error, then the error system can be described by the following differential equations:
.
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For the purpose of the exponential synchronization of the stochastic complex dynamical networks (4), we need the following assumptions.
Assumption 1.
The functions˜( ( ), ( )) can be divided into two parts, as given below:
( ( ), ( )) = ( ( )) ( ) +˜1( ( ), ( ))
where ( ( )) ∈ × is a fixed matrix and˜1( ( ), ( )) is a nonlinear function satisfying the Lipschitz condition. That is, for any ∈ , there exists a constant > 0 such that
Assumption 2. The noise intensity matrix˜( , ( ), ( ))
satisfies the bounded condition. That is, for any ∈ , there exists a constant ℎ > 0 such that
Remark 3. Assumption 1 and Assumption 2 are used to limit the dynamics of nodes and noise intensity, respectively. The Lipschitz condition includes almost all the wellknown chaotic systems with or without delays such as the Lorenz system, the Rössler system, the Chen system, the delayed Chua's circuit, the logistic delayed differential system, the delayed Hopfield neural network and the delayed CNNs [13] . And the bounded condition of noise intensity matrix has already been used in a great mount of papers, see e.g [17, 18] and references therein.
In order to derive the main results, the following definitions and lemmas are needed in this paper.
Definition 1.
The trivial solution ( ), = 1, 2, ⋅ ⋅ ⋅ , of network (5) is said to be exponentially stable in mean square if
for all initial conditions 0 ( ) ∈ .
Definition 2.
The dynamical network (4) is said to be exponentially synchronization in mean square if network (5) is exponentially stable in mean square. 
where ( , ) denotes the number of impulsive times of the impulsive sequence on the interval ( , ). Lemma 1. [22] (Dynkin Formula) Let ∈ 2,1 ( + × × , + ) and 0 ≤ 1 ≤ 2 be bounded stopping times. If ( , , ( )) and ℒ ( , , ( )) are bounded on ∈ [ 1 , 2 ] with probability 1, then
Main Result
In this section, we propose some criteria of exponential synchronization in mean square for stochastic complex dynamical networks with impulsive perturbations and Markovian switching.
Theorem 1.
Let Assumption 1 and Assumption 2 hold, and the average impulsive interval of the impulsive sequence = { 1 , 2 , ⋅ ⋅ ⋅ } is not less than . Then, the coupled network (5) is globally exponentially stable in mean square with the convergence rate if the following conditions are satisfied: (1) = −diag{ , , ⋅ ⋅ ⋅ , } − Π is a nonsingularmatrix where = max{ ( + + (2 + ℎ ) ), ∈ }. In this case, there exists a positive constant ≫ 0 such that
Proof. Choose a non-negative Lyapunov function as follows: +1 ), note that almost every sample path ( ) is a right-continuous step function with a finite number of simple jumps on [ , +1 ). Without any loss of generality, we assume that there are jump points, i.e.
, +1 = +1 (Notice that and +1 may be not jump points). It means that ( ) take unique values in when ∈ [ , , , +1 ), = 0, 1, ⋅ ⋅ ⋅ , . Fix and assume ( ) = , then the Lyapunov function can be rewritten as
For each , computing ℒ ( , , ( )) along the trajectory of error system (5), one can obtain that
According to Assumption 1 and Assumption 2, we have
Consider that the coupling matrix is symmetric irreducible, it is not difficult to verify that
According to condition (1) of Theorem 1, we have
Basing on Lemma 1, we have
It is easy to get
On the other hand, from the construction of ( , ( ), ( )), we have 
Numerical Simulation
In this section, we present a numerical simulations to illustrate the feasibility and effectiveness of our results. Consider the complex network (2) consists of nine nodes and two modes. Let ( ) is a Markov chain in the state space = {1, 2} with the generator
The parameters of network (2) are given as follows:
The nonlinear function (⋅) satisfies the Lipschitz condition with = 1, so we get = max{ ( (8, 9) . The simulation results are given in Fig.1-Fig.4. Fig.1 shows a Markov chain generated by the probability transition matrix Π 1 ; Fig.2 shows the impulsive signal; The trajectories of the stochastic complex network (2) are shown in Fig.3 and Fig.4 . It is clear that all nodes ( ) tend to synchronization state ( ).
Conclusions
In this paper, we have dealt with the exponential synchronization problem of complex dynamical networks with impulsive perturbations and Markovian switching. Anmatrix approach has been developed to solve the problem addressed. Some sufficiency conditions are presented to guarantee the exponential synchronization of stochastic complex dynamical network with impulsive perturbations and Markovian switching, which are independent of the upper bound of impulsive gain and Markovian switches. Finally, two numerical examples have been used to show the effectiveness of our results.
